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Abstract
The value of the parton to hadron fragmentation function in QCD in vacuum (for example from
proton-proton collisions at high energy colliders) is directly/indirectly used in the literature to
study the jet quenching and the hadron production from quark-gluon plasma at RHIC and LHC.
In this paper we show that this is not possible because, unlike the perturbative propagator in
non-equilibrium QCD, the parton to hadron fragmentation function is a non-perturbative quantity
in QCD and hence it is not possible to decompose the fragmentation function in non-equilibrium
QCD into the vacuum part and the medium part.
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I. INTRODUCTION
Just after 10−4 seconds of the big-bang our universe was filled with a state of matter
known as the quark-gluon plasma (QGP). Hence it is important to recreate this early universe
scenario in the laboratory by producing quark-gluon plasma at the high energy heavy-ion
colliders at RHIC and LHC. The hadronic matter undergoes phase transition to the quark-
gluon plasma phase at temperature ≥ 200 MeV (1012 oK). The center of mass energy of two
gold nuclei at RHIC is
√
s = 200 GeV and the center of mass energy of two lead nuclei at
LHC is
√
s = 5.5 TeV. At such high energies the two nuclei at RHIC and LHC travel almost
at speed of light.
Due to confinement in QCD the direct detection of quark-gluon plasma is not possible.
The indirect signatures of quark-gluon plasma detection are: 1) j/ψ suppression, 2) dilepton
production, 3) strangeness enhancement, 4) direct photon production and 5) jet quenching.
In this paper we will investigate the jet quenching signature of the quark-gluon plasma
detection at RHIC and LHC in detail.
In QCD in vacuum (for example in proton-proton collisions at high energy colliders) the
back-to-back jets are experimentally observed. However, the jet quenching is observed at
the high energy heavy-ion colliders at RHIC and LHC. The PHENIX [1] and the STAR [2]
experiments at RHIC first reported the jet quenching in Au-Au collisions at
√
s = 200 GeV.
Similarly the ATLAS [3], the CMS [4] and the ALICE [5] experiments at LHC have observed
the jet quenching in Pb-Pb collisions at
√
s = 2.76 TeV.
Since the jet quenching is experimentally observed at high energy heavy-ion colliders at
RHIC and LHC, the main challenge for us is to theoretically understand these jet quenching
from the first principle calculation by using QCD.
Since the two nuclei at RHIC and LHC travel almost at speed of light the longitudinal mo-
menta of the partons inside the nuclei are much larger than their transverse momenta. These
non-isotropy in momentum distribution creates the non-equilibrium quark-gluon plasma just
after the nuclear collisions at RHIC and LHC. Many more secondary partonic collisions are
necessary to bring the system into equilibrium. However, the hadronization time scale in
QCD is very small (∼ 10−24 seconds) which makes it unlikely that there are many more sec-
ondary partonic collisions to bring the system into equilibrium at RHIC and LHC. Hence the
quark-gluon plasma at RHIC and LHC may be in non-equilibrium. This problem does not
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exist in QCD in vacuum, for example, in proton-proton collisions at high energy colliders.
In addition to this, there is another problem that needs attention which is the soft parton
production at RHIC and LHC. This is because the soft partons play a major role in deter-
mining the bulk properties of quark-gluon plasma at RHIC and LHC. But the soft parton
production can only be correctly calculated from first principle by using non-perturbative
QCD which is not solved yet.
The third problem which is not solved yet is the hadronization from quark-gluon plasma
using first principle calculation. This is because the hadron formation from parton involves
non-perturbative QCD which is not solved yet.
These are the major difficult theoretical challenges we face today in order to do exact
first principle calculation to study the production and detection of quark-gluon plasma at
RHIC and LHC. Hence without doing exact first principle nonequilibrium-nonperturbative
QCD calculation, the explanation of the experimental data at RHIC and LHC does not
make sense. The first principle method to study nonequilibrium-nonperturbative QCD at
RHIC and LHC is the closed-time path integral formalism in non-equilibrium QCD [6–9].
Since some of the studies in the literature have explained experimental data at RHIC and
LHC without doing exact first principle nonequilibrium-nonperturbative QCD calculation,
let us briefly discuss the limitations of these studies.
First of all the lattice QCD at finite temperature [10] is used to study properties of quark-
gluon plasma but this technique only works if the quark-gluon plasma is in equilibrium. Note
that the definition of temperature does not exist in non-equilibrium. Hence the lattice QCD
at finite temperature is not applicable for non-equilibrium quark-gluon plasma at RHIC and
LHC.
Similarly the hydrodynamics is widely used to describe the experimental data at RHIC
and LHC [11] but the hydrodynamics can not correctly implement how partons form hadrons
at RHIC and LHC which involves non-perturbative QCD which is not solved yet. As we
will show in this paper the parton to hadron fragmentation function in QCD in vacuum
(for example from proton-proton collisions) can not be directly/indirectly used to study
hadron production from quark-gluon plasma at RHIC and LHC. In addition to this the
hydrodynamics is not applicable in non-equilibrium. It should be mentioned here that even
if hydrodynamics explains experimental data at RHIC and LHC it does not prove that the
quark-gluon plasma at RHIC and LHC is in equilibrium. This is because, in order to prove
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that the quark-gluon plasma at RHIC and LHC is in equilibrium one has to prove that these
experimental data can not be explained by non-equilibrium quark-gluon plasma.
AdS/CFT [12] and SYM plasma [13] have no connection with the real physics at RHIC
and LHC because string theory and supersymmetry are not experimentally verified.
About the color glass condensate [14] and the initial conditions at RHIC and LHC, as
mentioned above, the soft parton production can only be correctly calculated from the
first principle by using non-perturbative QCD which is not solved yet. The hard parton
production can be calculated by using pQCD which is well known.
In the jet quenching study at RHIC and LHC the parton to hadron fragmentation func-
tion in QCD in vacuum (for example from proton-proton collisions at high energy colliders)
is directly/indirectly used [15, 16]. However, as we will show in this paper, this is not pos-
sible because the fragmentation function is a non-perturbative quantity in QCD and hence,
unlike perturbative propagator in non-equilibrium QCD, it is not possible to decompose the
fragmentation function in non-equilibrium QCD into the vacuum part and the medium part.
Hence for the reasons discussed above it is clear that there is no exact first principle
theoretical calculation available at present to explain the experimental data at RHIC and
LHC.
In proton-proton collisions at high energy colliders the parton to hadron fragmentation
function in QCD in vacuum is used in the factorization formula to study hadron production
[17–19]. This factorization approach in QCD in vacuum needs to be extended to non-
equilibrium QCD at RHIC and LHC to study hadrons production from non-equilibrium
quark-gluon plasma.
Note that in non-equilibrium QCD the ground state is |in > and in QCD in vacuum
the ground state is |0 >. The ground state |in > in non-equilibrium QCD contains the
information of both vacuum and medium, i. e., when the distribution function f(~p) = 0
then |in > becomes equal to |0 > and we reproduce all the quantities in QCD in vacuum.
For example, the perturbative propagator in non-equilibrium QCD is the sum of vacuum
propagator and medium propagator, see eq. (34).
However, as we will show in this paper, since the parton to hadron fragmentation function
is a non-perturbative quantity in QCD it is not possible to decompose the fragmentation
function into the vacuum part and the medium part. Hence one can not use the fragmenta-
tion function in QCD in vacuum (for example from proton-proton collisions at high energy
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colliders) [15] in the medium modified DGLAP-like equation [16] to study hadron produc-
tion from quark-gluon plasma at RHIC and LHC. Any use of fragmentation function from
QCD in vacuum (for example from proton-proton collisions at high energy colliders) will
be inconsistent with the factorization theorem in non-equilibrium QCD (see sections V and
VI). Hence we find that to be consistent with the factorization theorem in non-equilibrium
QCD, the fragmentation function in non-equilibrium QCD should be used in the DGLAP-
like equation in non-equilibrium QCD to study hadron production from quark-gluon plasma
at RHIC and LHC.
This implies that the fragmentation function in QCD in vacuum (for example from proton-
proton collisions at high energy colliders) can not be directlt/indirectly used to study the
jet quenching and the hadron production from quark-gluon plasma at RHIC and LHC.
Note that when we say parton to hadron fragmentation function in non-equilibrium QCD
one should keep in mind that the hadron H is not in the non-equilibrium QCD medium.
Only the parton is in the non-equilibrium QCD (in the in-state |in >) which fragments to
hadrons. The hadron H is formed in the out state |H +X > where X represents all other
outgoing unobserved hadrons (see section VII).
The paper is organized as follows. In section II we describe QCD in non-equilibrium
by using closed time path integral formalism. In section III we discuss the gauge invariant
definition of the quark fragmentation function in non-equilibrium QCD. In section IV we
discuss the gauge invariant definition of the gluon fragmentation function in non-equilibrium
QCD. In section V we prove the factorization of infrared divergence of the quark fragmenta-
tion function in non-equilibrium QCD. In section VI we prove the factorization of infrared
divergence of the gluon fragmentation function in non-equilibrium QCD. In section VII we
show that the fragmentation function in QCD in vacuum (for example from proton-proton
collisions at high energy colliders) can not be directly/indirectly used to study jet quenching
and hadron production from quark-gluon plasma at RHIC and LHC. Section VIII contains
conclusions.
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II. QCD IN NON-EQUILIBRIUM USING CLOSED-TIME PATH INTEGRAL
FORMALISM
Quantum field theory in non-equilibrium can be studied by using closed-time path (CTP)
formalism [6, 7]. The non-equilibrium QED is usually studied by using canonical quanti-
zation formalism. However, due to self interacting gluons and hadronization, the QCD in
non-equilibrium can be best studied by using the closed-time path integral formalism.
We denote the (quantum) gluon field by Qµd(x) where d = 1, ..., 8 is the color index. In
the closed-time path integral formalism the generating functional in non-equilibrium QCD
is given by [8, 9]
Z[ξ+, ξ¯+, ξ−, ξ¯−, J+, J−, ρ] =
∫
[dψ¯+][dψ¯−][dψ+][dψ−][dQ+][dQ−]
×det(δ∂µQ
µd
+
δωe+
)× det(δ∂µQ
µd
−
δωe−
) exp[i
∫
d4x[−1
4
F d
2
µν [Q+] +
1
4
F d
2
µν [Q−]−
1
2α
(∂µQ
µd
+ )
2 +
1
2α
(∂µQ
µd
− )
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµQdµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµQdµ−]ψ− + J+ ·Q+ − J− ·Q−
+ψ¯+ · ξ+ − ψ¯− · ξ− + ξ¯+ · ψ+ − ξ¯− · ψ−]]× < ψ+, ψ¯+, Q+, t0| ρ |t0, Q−, ψ¯−, ψ− > (1)
where +,− are the closed-time path indices and ρ is the density of state in non-equilibrium
QCD. In eq. (1) the state |t0, Q−, ψ¯−, ψ− > belong to time t = t0 and
F d
2
µν [Q] = [∂µQ
d
ν − ∂νQdµ + gf dcbQcµQbν ]× [∂µQνd − ∂νQµd + gf daeQµaQνe]
(2)
where ξi and J
µd are the external sources.
In the closed-time path integral formalism the generating functional in the background
field method of non-equilibrium QCD is given by [8, 9, 20–22]
Z[A, ξ+, ξ¯+, ξ−, ξ¯−, J+, J−, ρ] =
∫
[dψ¯+][dψ¯−][dψ+][dψ−][dQ+][dQ−]× det(δG
d(Q+)
δωe+
)× det(δG
d(Q−)
δωe−
)
×exp[i
∫
d4x[−1
4
F d
2
µν [Q+ + A+] +
1
4
F d
2
µν [Q− + A−]−
1
2α
(Gd(Q+))
2 +
1
2α
(Gd(Q−))
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµ(Q + A)dµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµ(Q+ A)dµ−]ψ− + J+ ·Q+ − J− ·Q−
+ψ¯+ · ξ+ − ψ¯− · ξ− + ξ¯+ · ψ+ − ξ¯− · ψ−]]× < ψ+, ψ¯+, Q+ + A+, t0| ρ |t0, Q− + A−, ψ¯−, ψ− > (3)
where
F d
2
µν [Q + A] = [∂µ[Q
d
ν + A
d
ν ]− ∂ν [Qdµ + Adµ] + gf dcb[Qcµ + Acµ][Qbν + Abν ]]
×[∂µ[Qνd + Aνd]− ∂ν [Qµd + Aµd] + gf dae[Qµa + Aµa][Qνe + Aνe]]. (4)
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In eq. (3) the gauge fixing term
Ge(Q) = ∂µQ
µe + gf eadAaµQ
µd (5)
depends on the background field Aµd(x).
The type I gauge transformation is given by [20, 22]
T eA′µe(x) = Φ(x)T eAµe(x)Φ−1(x) +
1
ig
[∂µΦ(x)]Φ−1(x), T dQ′µd(x) = Φ(x)T dQµd(x)Φ−1(x)
(6)
where [18, 19, 28]
Φ(x) = eigT
eωe(x) = Pe−igT d
∫
∞
0
dλl·Ad(x+λl), l2 = 0 (7)
is the light-like gauge link (or the non-abelian phase) in the fundamental representation of
SU(3).
III. QUARK FRAGMENTATION FUNCTION IN NON-EQUILIBRIUM QCD
As mentioned in the introduction the ground state |in > at RHIC and LHC heavy-ion
colliders is not the vacuum state |0 > any more due to the presence of the non-equilibrium
QCD medium [23–27]. We denote the ground state in non-equilibrium QCD as |in >. Note
that the non-equilibrium QCD ground state |in > contains the information of both vacuum
and medium. For example, when the medium is absent, i. e., when the distribution function
f(~k) = 0 then the ground state |in > becomes equal to the vacuum state |0 > and reproduces
all the quantities in vacuum, see for example eq. (34).
For the quark with non-equilibrium (non-isotropic) distribution function fq(~k) we find
that the gauge invariant definition of the quark to hadron fragmentation function which is
consistent with the factorization of infrared divergences at all orders in coupling constant is
given by
DH/q(z, PT ) =
1
12z [1− fq(k+, kT )]
∫
dx−
dd−2xT
(2π)d−1
eik
+x−+iPT ·xT /z
TrDirac Trcolor[γ
+ < in|Φ†(x−, xT )ψ(x−, xT )a†H(P+, 0T )aH(P+, 0T )Φ(0)ψ¯(0)|in >] (8)
where ψ(x) is the quark field which fragments to hadron H and |in > is the ground state of
the non-equilibrium QCD. In eq. (8) the path ordered exponential
Φij(x) =
[
P exp[−ig
∫ ∞
0
dλ l · Ad(x+ lλ) T d]
]
ij
(9)
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is the light-like gauge link in the fundamental representation of SU(3) where lµ is the light-
like four-velocity and Aµd(x) is the SU(3) pure gauge background field.
IV. GLUON FRAGMENTATION FUNCTION IN NON-EQUILIBRIUM QCD
For the gluon with non-equilibrium (non-isotropic) distribution function fg(~k) we find
that the gauge invariant definition of the gluon to hadron fragmentation function which is
consistent with the factorization of infrared divergences at all orders in coupling constant is
given by
DH/g(z, PT ) =
k+
16z [1 + fg(k+, kT )]
∫
dx−
dd−2xT
(2π)d−1
eik
+x−+iPT ·xT /z
< in|Qµd(x−, xT )Φ(A)(x−, xT )a†H(P+, 0T )aH(P+, 0T )Φ(A)(0)Qdµ(0)|in > (10)
where the quantum gluon field Qµd(x) fragments to hadron H . In eq. (10) the path ordered
exponential
Φ(A)ec (x) =
[
P e−ig
∫
∞
0
λ l·Ad(x+lλ) T (A)d
]
ec
, T (A)dec = −if dec (11)
is the light-like gauge link in the adjoint representation of SU(3).
Note that the definitions of the quark and gluon to hadron fragmentation functions in
eqs. (8) and (10) are gauge invariant with respect to the gauge transformation [20–22]
T dA′dµ (x) = U(x)T
dAdµ(x)U
−1(x) +
1
ig
[∂µU(x)]U
−1(x),
T eQ′eµ (x) = U(x)T
eQeµ(x)U
−1(x), U(x) = eigT
cωc(x). (12)
The special case fq,g(~k) =
1
e
k0
T ±1
corresponds to the quark-gluon plasma in equilibrium at
the finite temperature T .
V. PROOF OF FACTORIZATION OF INFRARED DIVERGENCES OF THE
QUARK FRAGMENTATION FUNCTION IN NON-EQUILIBRIUM QCD
In QCD the infrared (soft) divergence due to the real gluon emission occurs in the limit
k0, k1, k2, k3 → 0 where kµ is the four-momentum of the emitted real gluon. The infrared
(soft) divergence in QCD can be studied by using the eikonal approximation [17–19, 28]
gT d
qµ
q · k + iǫ = gT
d l
µ
l · k + iǫ (13)
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where g is the coupling constant in QCD, T d is the generator in the gauge group SU(3) and
qµ is the four-momentum of the quark with four-velocity lµ. From eq. (13) we find that
the eikonal contribution to the Feynman diagram of a real massless gluon emitted from a
light-like quark (l2 = 0) is given by
gT d
∫
d4k
(2π)4
l · Ad(k)
l · k + iǫ = igT
e
∫ ∞
0
dλl · Ae(lλ) (14)
where the Fourier transformation is given by
∫
d4k
(2π)4
Aeµ(k)e
ik·x = Aeµ(x). (15)
Similarly, when infinite number of real gluons are emitted from the light-like quark we find
the corresponding eikonal contribution
P exp[igT e
∫ ∞
0
dλl · Ae(lλ)]. (16)
where P is the path ordering.
A light-like eikonal current produces pure gauge field at the spatial positions ~l · ~x 6= 0 at
the time x0 = 0 in classical mechanics [17, 29, 30] and in quantum field theory [18]. For
Aµe(λl) in eq. (16) we find that ~l · ~x = λ 6= 0 which implies that the light-like quark finds
the gluon field Aµe(x) in eq. (16) as the SU(3) pure gauge field [18, 19, 28]
T eAµe(x) =
1
ig
[∂µΦ(x)] Φ−1(x), Φ(x) = eigT
dωd(x) = P exp[−igT e
∫ ∞
0
dλl · Ae(x+ lλ)]
(17)
where Φ(x) is the light-like gauge link in the fundamental representation of SU(3) given by
eq. (9).
Since the parton to hadron fragmentation function is a non-perturbative quantity in QCD,
its property may not always be correctly studied by using perturbative QCD no matter how
many orders of perturbation theory is used. The factorization of infrared (soft) divergences
of the parton to hadron fragmentation function due to the soft gluons exchange with the
light-like eikonal line at all orders in coupling constant in QCD can be studied by using the
path integral formulation of the background field method of QCD in the presence of SU(3)
pure gauge background field [18, 19, 28].
In the closed-time path integral formalism the generating functional in non-equilibrium
QCD is given by eq. (1) and in the background field method of non-equilibrium QCD it is
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given by eq. (3). From eq. (1) we find that the nonequilibrium-nonperturbative correlation
function of the quark of type < in|ψ†r(x′)ψs(x′′)|in > in QCD is given by
< in|ψ†r(x′)ψs(x′′)|in >=
∫
[dQ+][dQ−][dψ¯+][dψ¯−][dψ+][dψ−] ψ
†
r(x
′)ψs(x
′′)
×det(δ∂µQ
µd
+
δωe+
)× det(δ∂µQ
µd
−
δωe−
) exp[i
∫
d4x[−1
4
F d
2
µν [Q+] +
1
4
F d
2
µν [Q−]−
1
2α
(∂µQ
µd
+ )
2 +
1
2α
(∂µQ
µd
− )
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµQdµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµQdµ−]ψ−]]
× < Q+, ψ+, ψ¯+, t0| ρ |t0, ψ¯−, ψ−, Q− > (18)
where r, s = +,− are the closed-time path indices.
Similarly from eq. (3) we find that the non-equilibrium non-perturbative correlation
function of the quark of type < in|ψ†r(x′)ψs(x′′)|in > in the background field method of
QCD is given by
< in|ψ†r(x′)ψs(x′′)|in >A=
∫
[dQ+][dQ−][dψ¯+][dψ¯−][dψ+][dψ−]
×ψ†r(x′)ψs(x′′)× det(
δGd(Q+)
δωe+
)× det(δG
d(Q−)
δωe−
)
×exp[i
∫
d4x[−1
4
F d
2
µν [Q+ + A+] +
1
4
F d
2
µν [Q− + A−]−
1
2α
(Gd(Q+))
2 +
1
2α
(Gd(Q−))
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµ(Q+ A)dµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµ(Q+ A)dµ−]ψ−]]
× < Q+ + A+, ψ+, ψ¯+, t0| ρ |t0, ψ¯−, ψ−, Q− + A− > . (19)
From eq. (19) we find
< in|ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)|in >A=
∫
[dQ+][dQ−][dψ¯+][dψ¯−][dψ+][dψ−]
×ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)× det(
δGd(Q+)
δωe+
)× det(δG
d(Q−)
δωe−
)
×exp[i
∫
d4x[−1
4
F d
2
µν [Q+ + A+] +
1
4
F d
2
µν [Q− + A−]−
1
2α
(Gd(Q+))
2 +
1
2α
(Gd(Q−))
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµ(Q+ A)dµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµ(Q+ A)dµ−]ψ−]]
× < Q+ + A+, ψ+, ψ¯+, t0| ρ |t0, ψ¯−, ψ−, Q− + A− > (20)
where Φ(x) is the gauge-link given by eq. (9).
We change the integration variable Q→ Q−A inside the path integration in eq. (20) to
find
< in|ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)|in >A=
∫
[dQ+][dQ−][dψ¯+][dψ¯−][dψ+][dψ−]
10
×ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)× det(
δGdf (Q+)
δωe+
)× det(δG
d
f(Q−)
δωe−
)
×exp[i
∫
d4x[−1
4
F d
2
µν [Q+] +
1
4
F d
2
µν [Q−]−
1
2α
(Gdf(Q+))
2 +
1
2α
(Gdf(Q−))
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµQdµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµQdµ−]ψ−]]
× < Q+, ψ+, ψ¯+, t0| ρ |t0, ψ¯−, ψ−, Q− > (21)
where
Gef (Q±) = ∂µQ
µe
± + gf
edaAdµ±Q
µa
± − ∂µAµe±
T eQ′µe± = Φ±T
eQµe± Φ
−1
± +
1
ig
(∂µΦ±)Φ
−1
± . (22)
Since the change of integration variables do not change the value of the integration, the eq.
(21) can be written in the form
< in|ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)|in >A=
∫
[dQ′+][dQ
′
−][dψ¯
′
+][dψ¯
′
−][dψ
′
+][dψ
′
−]
×ψ′†r (x′)Φr(x′)Φ†s(x′′)ψ′s(x′′)× det(
δGdf(Q
′
+)
δωe+
)× det(δG
d
f(Q
′
−)
δωe−
)
×exp[i
∫
d4x[−1
4
F d
2
µν [Q
′
+] +
1
4
F d
2
µν [Q
′
−]−
1
2α
(Gdf(Q
′
+))
2 +
1
2α
(Gdf(Q
′
−))
2
+ψ¯′+[iγ
µ∂µ −m+ gT dγµQ′dµ+]ψ′+ − ψ¯′−[iγµ∂µ −m+ gT dγµQ′dµ−]ψ′−]]
× < Q′+, ψ′+, ψ¯′+, t0| ρ |t0, ψ¯′−, ψ′−, Q− > . (23)
For the SU(3) pure gauge background field Aµe(x) given by eq. (17) we find from
ψ′±(x) = Φ±(x)ψ±(x) (24)
and from eq. (22) that [18, 19, 28]
[dQ′r] = [dQr], [dψ¯
′
r][dψ
′
r] = [dψ¯r][dψr], F
2[Q′r] = F
2[Qr]
(Gdf(Q
′
r))
2 = (∂µQ
µd
r (x))
2, det[
δGdf (Q
′
r)
δωer
] = det[
δ(∂µQ
µd
r (x))
δωer
]
ψ¯′r[iγ
µ∂µ −m+ gT dγµQ′dµr]ψ′r = ψ¯r[iγµ∂µ −m+ gT dγµQdµr]ψr. (25)
Using eqs. (24) and (25) in (23) we find
< in|ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)|in >A=
∫
[dQ+][dQ−][dψ¯+][dψ¯−][dψ+][dψ−] ψ
†
r(x
′)ψs(x
′′)
×det(δ∂µQ
µd
+
δωe+
)× det(δ∂µQ
µd
−
δωe−
) exp[i
∫
d4x[−1
4
F d
2
µν [Q+] +
1
4
F d
2
µν [Q−]−
1
2α
(∂µQ
µd
+ )
2 +
1
2α
(∂µQ
µd
− )
2
+ψ¯+[iγ
µ∂µ −m+ gT dγµQdµ+]ψ+ − ψ¯−[iγµ∂µ −m+ gT dγµQdµ−]ψ−]]
× < Q+, ψ+, ψ¯+, t0| ρ |t0, ψ¯−, ψ−, Q− > (26)
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Finally from eqs. (26) and (18) we find
< in|ψ†r(x′)ψs(x′′)|in >=< in|ψ†r(x′)Φr(x′)Φ†s(x′′)ψs(x′′)|in >A (27)
which proves factorization of infrared divergences at all orders in coupling constant in non-
equilibrium QCD where the light-like gauge link Φ(x) in the fundamental representation of
SU(3) is given by eq. (9).
From eq. (27) and [31] we find that the definition of the quark to hadron fragmenta-
tion function which is gauge invariant and is consistent with the factorization of infrared
divergences at all orders in coupling constant in non-equilibrium QCD is given by eq. (8).
VI. PROOF OF FACTORIZATION OF INFRARED DIVERGENCES OF THE
GLUON FRAGMENTATION FUNCTION IN NON-EQUILIBRIUM QCD
Extending the above proof to the gluon case we find [28]
< in|Qµdr (x′)Qνes (x′′)|in >=< in|Qµdr (x′)Φ(A)r (x′)Φ(A)s (x′′)Qνes (x′′)|in >A (28)
which proves factorization of infrared divergences at all orders in coupling constant in non-
equilibrium QCD where the light-like gauge link Φ(A)(x) in the adjoint representation of
SU(3) is given by eq. (11).
From eq. (28) and [28] we find that the gluon to hadron fragmentation function which is
gauge invariant and is consistent with the factorization of infrared divergences at all orders
in coupling constant in non-equilibrium QCD is given by eq. (10).
VII. JET QUENCHING AT RHIC AND LHC AND THE FRAGMENTATION
FUNCTION IN QCD IN VACUUM
As mentioned earlier the parton to hadron fragmentation function is a non-perturbative
quantity in QCD. Since the non-perturbative QCD is not solved yet, the value of the parton
to hadron fragmentation function is extracted from the experiment. The parton to hadron
fragmentation function is extracted from various fixed-target and collider experiments in-
volving proton-proton (pp), electron-positron (e+e−) and lepton-hadron (lh) collisions etc..
Hence the value of the parton to hadron fragmentation function extracted from various ex-
periments so far is in QCD in vacuum but not in non-equilibrium QCD. Since the parton to
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hadron fragmentation function in non-equilibrium QCD is not measured at any experiments,
the parton to hadron fragmentation function in QCD in vacuum is directly/indirectly used
[15], for example, in the medium modified DGLAP equation [16] to study hadron produc-
tion from quark-gluon plasma at RHIC and LHC. However, as we will show in this section,
this is not possible because in order to be consistent with the factorization theorem in
non-equilibrium QCD one has to use the parton to hadron fragmentation function in non-
equilibrium QCD in the DGLAP-like evolution equation in non-equilibrium QCD to study
hadron production from quark-gluon plasma at RHIC and LHC.
As mentioned in the introduction, when we say the parton to hadron fragmentation
function in non-equilibrium QCD one should keep in mind that the hadron H is not in
the non-equilibrium QCD medium. Only the parton is in the non-equilibrium QCD (in the
in-state |in >) which fragments to hadrons. The hadron H is formed in the out state
|H +X >= a†H |X > (29)
where a†H is the creation operator of the hadron H and the state |X > represents all other
outgoing unobserved hadrons.
Using the factorization theorem in QCD in vacuum the inclusive hadron production cross
section in proton-proton (pp) collisions at high energy colliders is given by the factorized
formula in QCD in vacuum [17–19]
dσHpp
dydp2T
=
∑
j
∫
dz
z2
dσˆVj
dydp2Tj
DVH/j(z, Q) (30)
where the superscript symbol V stands for the vacuum. In eq. (30) the
dσˆV
j
dydp2
Tj
is the
partonic level differential cross section in QCD in vacuum in pp collisions and DVH/j(z, Q)
is the parton to hadron fragmentation function in QCD in vacuum. The Q2 evolution of
the fragmentation function DVH/j(z, Q) in QCD in vacuum is given by the DGLAP evolution
equation in vacuum [32]
dDVH/j(z, Q)
dlnQ
=
αs(Q)
π
∑
k
∫ 1
z
dz′
z′
PVj→kl(z
′, Q)DVH/k(
z
z′
, Q) (31)
where PVj→kl(z
′, Q) is the splitting function in QCD in vacuum with j, k, l = q, q¯, g.
Similar to QCD in vacuum in pp collisions at high energy colliders, we find that by using
the factorization theorem in non-equilibrium QCD [see eqs. (27) and (28)] the inclusive
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hadron production cross section in heavy-ion (AA) collisions at RHIC and LHC is given by
the factorized formula in non-equilibrium QCD
dσHAA
dydp2T
=
∑
j
∫
dz
z2
dσˆj
dydp2Tj
DH/j(z, Q). (32)
In eq. (32) the
dσˆj
dydp2
Tj
is the partonic level differential cross section in non-equilibrium QCD
in AA collisions at RHIC and LHC and DH/j(z, Q) is the parton to hadron fragmentation
function in non-equilibrium QCD. TheQ2 evolution of the fragmentation functionDH/j(z, Q)
in non-equilibrium QCD is given by the DGLAP-like evolution equation in non-equilibrium
QCD
dDH/j(z, Q)
dlnQ
=
αs(Q)
π
∑
k
∫ 1
z
dz′
z′
Pj→kl(z
′, Q)DH/k(
z
z′
, Q) (33)
where Pj→kl(z
′, Q) is the splitting function in non-equilibrium QCD [33].
In should be remembered that the factorization theorem is the crucial ingredient to derive
DGLAP equation [32]. Hence in order to be consistent with the factorization theorem in
non-equilibrium QCD [see also eqs. (27) and (28)] the partonic level differential cross section
dσˆj
dydp2
Tj
in eq. (32) is in non-equilibrium QCD and the fragmentation function DH/j(z, Q) in
eq. (32) is in non-equilibrium QCD which are studied by using |in > for the ground state
in non-equilibrium QCD instead of the ground state |0 > in QCD in vacuum.
As mentioned earlier the ground state |in > in non-equilibrium QCD contains both
vacuum and medium information, i. e., when the distribution function f(~p) = 0 then the
ground state in non-equilibrium QCD |in > becomes the vacuum state |0 > and we reproduce
all the quantities in the QCD in vacuum. For example, the leading order perturbative gluon
propagator in non-equilibrium QCD is the sum of the vacuum propagator and the medium
propagator given by [8, 9]
Gµνrs (p) = [−igµν − i(α− 1)
pµpν
p2
] Gvacrs (p)− iT µνGmedrs (p) (34)
where the vacuum propagator Gvacrs (p) is given by
Gvacrs (p) =


1
p2+iǫ
−2πδ(p2)θ(−p0)
−2πδ(p2)θ(p0) − 1p2−iǫ

 (35)
and the medium propagator Gmedrs (p) is given by
Gmedrs (p) = 2πδ(p
2)fg(~p)

 1 1
1 1

 . (36)
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However, since the parton to hadron fragmentation function is a non-perturbative quan-
tity in QCD it is not possible to decompose the parton to hadron fragmentation function into
the vacuum part and the medium part [see eqs. (8) and (10)]. Hence we find that in order to
be consistent with factorization theorem in non-equilibrium QCD, the fragmentation func-
tion in QCD in vacuum can not be used in the DGLAP-like equation in non-equilibrium
QCD in eq. (33) to study hadron production from quark-gluon plasma in AA collisions
at RHIC and LHC. The parton to hadron fragmentation function in non-equilibrium QCD
should be used in DGLAP-like equation in non-equilibrium QCD in eq. (33) to study hadron
production from quark-gluon plasma in AA collisions at RHIC and LHC by using factor-
ized formula as given by eq. (32) where dσˆi
dydp2
Tj
is the partonic level differential cross section
in non-equilibrium QCD and DH/j(z, Q) is the fragmentation function in non-equilibrium
QCD.
Hence we find that the parton to hadron fragmentation function in QCD in vacuum (for
example from proton-proton collisions at high energy colliders) can not be directly/indirectly
used to study jet quenching and hadron production from quark-gluon plasma at high energy
heavy-ion colliders at RHIC and LHC.
VIII. CONCLUSIONS
The value of the parton to hadron fragmentation function in QCD in vacuum (for example
from proton-proton collisions at high energy colliders) is directly/indirectly used in the
literature to study the jet quenching and the hadron production from quark-gluon plasma
at RHIC and LHC. In this paper we have shown that this is not possible because, unlike
the perturbative propagator in non-equilibrium QCD, the parton to hadron fragmentation
function is a non-perturbative quantity in QCD and hence it is not possible to decompose
the fragmentation function in non-equilibrium QCD into the vacuum part and the medium
part.
Hence one finds that the parton to hadron fragmentation function in QCD in vacuum (for
example from proton-proton collisions at high energy colliders) can not be directly/indirectly
used to study jet quenching and hadron production from quark-gluon plasma at high energy
15
heavy-ion colliders at RHIC and LHC.
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